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1. Overview

Mymathematical research is in algebraic and enumerative combinatorics, more
specifically, the asymmetric exclusion process, orthogonal polynomials, and Ehrhart
theory. In particular, I am interested in giving combinatorial formulas for polyno-
mials with positive coefficients. Explaining the positivity of such polynomials is an
interesting problem by itself, and giving combinatorial formulas is useful as they
provide a fast and compact way to compute those polynomials.

The asymmetric exclusion process (ASEP) is an important model from statistical
mechanics which describes a system of particles on a lattice hopping left and right.
This process was introduced in the 1970’s independently in the context of biology
and in mathematics. Since then this model was studied extensively in various fields
for number of reasons. First, the ASEP exhibits a rich phenomenology and has
many applications in a broad range including protein synthesis, traffic flow, forma-
tion shocks, surface growth, and sequence alignments. Second the study of the ASEP
allows various mathematical approaches, for example, Bethe Ansatz, quadratic alge-
bras, combinatorics, orthogonal polynomials, random matrices, stochastic differential
equations and hydrodynamic limits.

The totally asymmetric exlusion process (TASEP) on a ring is a Markov chain
on a periodic one dimensional lattice of length N where each lattice site can be
either occupied by a particle or empty. A particle can hop to its right (when it is
empty) with rate 1 (see Figure 1). The number of particles is preserved so there are
a total of

(
N
k

)
possible states in this Markov chain where k is the number of particles.

There is a multi-species generalization of the TASEP by allowing several types of
particles. The important question of the TASEP is to understand the steady state
probabilities and combinatorial approach has been successful. The combinatorial
object multiline queue was introduced in [18] to describe the steady state probabilities
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Figure 1. The figure shows transition rates of the TASEP on a ring
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of the multispecies TASEP on a ring. There has been studies on a multiline queue
in [15, 16] as it has a rich combinatorial structure. Our work in progress shows that
many steady state probabilities are proportional to product of Schubert polynomials
[12].

The ASEP on a line is a Markov chain on a one dimensional lattice of length N
with open boundaries. A particle can hop to the right with rate 1 and can hop to the
left with rate q, as long as the neighboring site is empty. And on each boundary, a
particle can enter from the left or right with rate α or δ respectively and can exit to
the left or right with rate γ or β respectively (see Figure 2). The number of particles

α q 1 β

γ δ

Figure 2. The figure shows transition rates of the ASEP on a line

is not preserved so there are a total of 2N possible states in this Markov chain. Pa-
pers of Sasamoto [7] and subsequently Uchiyama, Sasamoto, and Wadati [8] revealed
a surprising connection between the ASEP on a line and orthogonal polynomials,
in particular the Askey-Wilson polynomials which lie in a top hierarchy of (basic)
hypergeometric orthogonal polynomials in the sense that all other polynomials in
this hierarchy are limiting cases or specializations of the Askey-Wilson polynomials.
Orthogonal polynomials have beautiful combinatorial properties [19, 20, 21]. I have
given combinatorial formulas for the Al-Salam-Chihara polynomials which are related
to the ASEP when γ = δ = 0 and am working on generalization to the Askey-Wilson
polynomials.

In 1960’s, Ehrhart introduced Ehrhart polynomials and Ehrhart series to study
number of lattice points inside polytopes. Since then, there has been a lot of study
on Ehrhart polynomials and Ehrhart series of many well-known polytopes. The
(k, n)-th hypersimplex ∆k,n is a lattice polytope inside Rn whose vertices are (0,1)-
vectors with exactly k 1’s. The hypersimplex can be found in several algebraic and
geometric contexts, for example, as a moment polytope for the torus action on the
Grassmannian, or as a weight polytope for the fundamental representation of GLn.
I gave the first combinatorial formula for the Ehrhart series of the hypersimplex [4],
proving a conjecture of Early [1]. Later, Stapledon introduced equivariant version of
Ehrhart polynomials and Ehrhart series to study group action on lattice points inside
polytopes [3]. One of the questions I am working on is to combinatorially understand
equivariant Ehrhart series of a polytope, for example, the hypersimplex ∆k,n.

The progress and the direction of the projects will be explained below.

2. Inhomogeneous totally asymmetric exclusion process

The inhomogeneous multispecies TASEP on a ring is a Markov chain on a
periodic lattice of length N where each lattice site is occupied by positive integers.
This Markov chain is indexed by m = (m1,m2, · · · ) such that

∑
mi = N where mi

is the number of i’s on a lattice. There are a total of
(

N
m1,m2,···

)
possible states in this

case. The adjacent integers i and j (i is on the left of j) can swap their positions
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with a rate ri,j given as follows

ri,j =

{
xi if i < j

0 otherwise
.

When each mi = 1, the possible states are permutations. In [11], Lam and Williams

1

3

25

4

3

1

25

4
r1,3

Figure 3. The figure shows a transitions rate of the inhomogeneous
multispecies TASEP on a ring.

conjectured that each steady state probability is proportional to a positive linear
combination of Schubert polynomials. Subsequently, a combinatorial formula for
the steady state probability was given in terms of objects called multiline queues
[18, 9, 10]. In particular, the steady state probability for the state w is given as
a weighted sum over multiline queues of type w. However, the conjecture about
Schubert polynomials remained open.

In [22], Cantini introduced a z-deformed steady state probability for the
spectral parameters z1, z2, · · · which recovers the (usual) steady state probability
when specialized to zi =∞. He gave an explicit formula for z-deformed steady state
probability of a few states, explaining the appearance of Schubert polynomials in
those cases.

In a joint with Lauren Williams [12], we showed that when w is an inverse of
Grassmann permutation (a permutation with at most one descent), there is a bijection
between multiline queues of type w and monomials of a corresponding Schubert
polynomial. This is the first work to directly connect multiline queues and Schubert
polynomials. We also introduced a special subset SS(n, k) of Sn and gave an explicit
formula for z-deformed stationary distribution of w ∈ SS(n, k) thereby generalizing
Cantini’s work. As a corollary we have the following.

Theorem 2.1 ([12]). For w ∈ SS(n, k), the stationary distribution of the state w is
proportional to a product of k Schubert polynomials.

It is a future task to understand the geometric interpretation of the steady state
probabilities.

3. Orthogonal polynomials

We say that a family (pn(x))n≥0 of polynomials in one variable is orthogonal
if the degree of pn(x) is n and they are orthogonal with respect to a certain measure
ω, that is ∫

pn(x)pm(x)dω = 0, for m 6= n .
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And the N-th moments µN of (pn(x))n≥0 are defined as µN =
∫
xNdω, for N ≥ 0 .

The most widely used orthogonal polynomials are hypergeometric orthogonal poly-
nomials, which include the Hermite polynomials, the Laguerre polynomials, and the
Jacobi polynomials.

The Askey-Wilson polynomials are a family of orthogonal polynomials which
include many of the other orthogonal polynomials as special or limiting cases. They
lie at the top of the hierarchy in the Askey scheme. Surprisingly, in [8], the moments
of this family are connected to the steady state probability of the ASEP on a line.
Later in [6], Corteel and Williams gave a combinatorial formula for the steady state
probabilities in particular showing that the moments of the Askey-Wilson polynomi-
als are polynomials in α, β, γ, δ and q with positive coefficients. Conjecturally, the
coefficients of Askey-Wilson polynomials are polynomials in α, β, γ, δ and q with pos-
itive coefficients. Trying to explain this positivity and give a combinatorial formula
was the start of my work in this area.

In [13], I studied the coefficients of the Al-Salam-Chihara polynomials, which
are obtained as the specialization of the Askey-Wilson polynomials at γ = δ = 0. I
gave a combinatorial formula for those coefficients, which explains positivity in the
case γ = δ = 0. To do this, I introduced a generalized q-binomial coefficient Mµ

n (b).
Here n and b are non-negative integers and µ is a weakly increasing composition of
length a. It is a polynomial in q and α that recovers ordinary q binomial coefficient(
n+a+b

b

)
q
when α = 0. The construction ofMµ

n (b) was motivated by my bijective proof
of the identity

(
n+a
a

)
q

(
n+a+b

b

)
q

=
(
n+a+b
a

)
q

(
n+b
b

)
q
. I also showed that the well known

identity (3.1)(
n+ a+ b+ 1

b

)
q

= qn+a+1

(
n+ a+ b

b− 1

)
q

+

(
n+ a+ b

b

)
q

(3.1)

lifts to (3.2) (Lemma 2.11 in [13])

Mµ
n+1(b) = (qn+a+b + [n+ a+ b]qα)Mµ

n+1(b− 1) +Mµ−1
n (b).(3.2)

So far, there seems to be no previous work that can be related to a generalized
q-binomial coefficient. It would be interesting to study this and find more applica-
tions. My main result in [13] expresses the coefficients of the (transformed) Al-Salam-
Chihara polynomials in terms of the generalized q-binomial coefficients.

Theorem 3.1 ([13]). The coefficient of xn in the (transformed) Al-Salam-Chiara
polynomial p̃n+k(x) is given by

[xn]p̂n+k(x) =
∑
a+b=k

(
∑

µ=(µ1,··· ,µa)
0≤µ1≤···≤µa≤n

(ξα)aβbXµM
µ
n (b)),

where Xµ =
a∏
i=1

(qµi+i−1 + [µi + i− 1]qβ).

Theorem 3.1 makes clear that the coefficients of the (transformed) Al-Salam-
Chihara polynomials are polynomials with positive coefficients.

In [14], I gave a conjectural formula for the coefficients of the Askey-Wilson
polynomials. Proving this formula will explain the positivity of the coefficients of the
Askey-Wilson polynomials.

The guiding problem of this project is to understand the minors of the co-
efficient matrix G = (gn,i)n,i where gn,i is the coefficient of xi of the Askey-Wilson
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polynomial pn(x) if i ≤ n, otherwise zero.

G =


1 g1,0 g2,0 g3,0 . . .
0 1 g2,1 g3,1 . . .
0 0 1 g3,2 . . .
...

...
... . . .


The minors of G are also conjectured to be polynomials with positive coefficients.
Unfortunately, techniques showing a positivity of minors in the literature (for ex-
ample, Lindström-Gessel-Viennot lemma) does not apply to the coefficient matrix
G. In [5], a combinatorial formula for some minors was given by relating it to the
stationary distributions of 2-species ASEP. And in [13], I proved positivity for some
2 by 2 minors when γ = δ = 0 using generalized q-binomial coefficients.

Theorem 3.2 ([13]). Let gn+k,n be the coefficient of xn of the (transformed) Al-
Salam-Chihara polynomial p̃n+k(x). Then

(gn+a+b,n+agn+a,n − gn+a+b,n)

is a polynomial with positive coefficients.

4. Equivariant Ehrhart theory of the hypersimpelx

For an n-dimensional lattice polytope P ⊂ RN , it is well known from Ehrhart
theory that the map r → |rP ∩ ZN | is a polynomial function in r of degree n, which
we call Ehrhart polynomial, and the corresponding Ehrhart series

∑∞
r=0 |rP ∩ ZN |tr

is a rational function of the form
∞∑
r=0

|rP ∩ ZN |tr =
h∗(t)

(1− t)n+1
,

such that h∗(t) is a polynomial of degree ≤ n (see [25]). Define h∗d to be the coefficient
of td in h∗(t). The vector (h∗0, · · · , h∗n) is called the Ehrhart h∗-vector of P . In [2],
Stanley proved that the h∗-vector of a lattice polytope always consists of non-negative
integers, so it became an interesting question to find a combinatorial interpretation
of h∗-vectors for various polytopes.

In [1], Early conjectured a combinatorial interpretation of the h∗-vector of
the hypersimplex ∆k,n in terms of decorated ordered set partitions. A decorated
ordered set partition ((L1)l1 , · · · , (Lm)lm) of type (k, n) consists of an ordered partition
(L1, · · · , Lm) of {1, 2, ..., n} and an m-tuple (l1, · · · , lm) ∈ Zm such that l1+· · ·+lm =
k and li ≥ 1. A decorated ordered set partition is called hypersimplicial if it satisfies
1 ≤ li ≤ |Li|−1 for all i, and one can define a natural statistic called winding number
for them. In [4], I proved the conjecture of Early.

Theorem 4.1 ([4]). The h∗-vector (h∗0, h
∗
1, · · · ) of the hypersimplex ∆k,n has the prop-

erty that h∗d equals the number of hypersimplicial decorated ordered set partitions of
type (k, n) with winding number d.

Theorem 4.1 was the first result to give a combinatorial interpretation of the h∗-
vector of the hypersimplex. The proof is purely combinatorial so it is still an inter-
esting question to ask for a geometric explanation of Theorem 4.1.

In [3], Stapledon introduced the G-equivariant h∗-vector of a lattice polytope
P . Here G is a finite group acting on a lattice M by ρ : G → GL(M) and P is a
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polytope that is invariant under the G-action. Then consider χmP , the character of
the permutation representation of G on lattice points inside mP . Writing∑

m≥0

(χmP)tm =
φ(t)

(1− t)det(I − ρt)
,

we say that the coefficient vector of φ(t) is the G-equivariant h∗-vector of P . Note
that the G-equivariant h∗-vector consists of characters of G and plugging in identity
element of G to those characters recovers the usual h∗-vector.

Consider the action of Z/nZ on the lattice Zn which permutes coordinates.
The hypersimplex ∆k,n is invariant under this action so we can consider the Z/nZ-
equivariant h∗-vector. In [17], I showed that Z/nZ-equivariant h∗-vector of the hy-
persimplex comes from a natural Z/nZ action on decorated ordered set partitions. It
is a future task to extend this result to Sn. In [17], I showed that the Sn-equivariant
h∗-vector of the hypersimplex consists of effective characters, so it is an interesting
question to construct representations that those characters come from.

References

[1] N. Early, Conjectures for Ehrhart h-vectors of hypersimplices and dilated simplices,
arXiv:1710.09507.

[2] R. Stanley, Decompositions of rational convex polytopes, Annals of Discrete Math, volume 6
(1980), 333-342.

[3] A. Stapledon, Equivariant Ehrhart theory, Advances in Mathematics 226 (2011), no. 4, 3622-
3654.

[4] D. Kim, A combinatorial formula for the Ehrhart h star vector of the hypersimplex, Journal of
Combinatorial Theory, Series A ,Volume 173 (2020), 105213.

[5] S. Corteel, O. Mandelshtam, and L. Williams. Combinatorics of the two-species
ASEP and Koornwinder moments, Advances in Mathematics 321 (Oct. 2015). doi:
10.1016/j.aim.2017.09.034.

[6] S. Corteel and L. Williams. Erratum to "Tableaux combinatorics for the asymmetric exclu-
sion process and Askey-Wilson polynomials, Duke Mathematical Journal 159 (Oct. 2009). doi:
10.1215/00127094-1433385.

[7] T. Sasamoto, One-dimensional partially asymmetric simple exclusion process with open bound-
aries: orthogonal polynomials approach, J. Phys. A 32 (1999), 7109-7131.

[8] M. Uchiyama, T. Sasamoto, and M. Wadati. Asymmetric Simple Exclusion Process with Open
Boundaries and Askey-Wilson Polynomials, Journal of Physics A General Physics 37 (Dec.
2003). doi: 10.1088/0305-4470/37/18/006.

[9] A. Ayyer and S. Linusson, An inhomogeneous multispecies tasep on a ring, Advances in Applied
Mathematics 57 (2014), 21-43.

[10] C. Arita and K. Mallick, Matrix product solution of an inhomogeneous multi-species tasep,
Journal of Physics A: Mathematical and Theoretical 46 (2013), no. 8, 085002.

[11] T. Lam and L. Williams, A markov chain on the symmetric group that is schubert positive?,
Experimental Mathematics 21 (2012), no. 2, 189-192.

[12] D. Kim and L. Williams, Schubert polynomials and the inhomogeneous multispecies TASEP
on a ring, in preparation.

[13] D. Kim, Combinatorial formulas for the coefficients of the Al-Salam-Chihara polynomials,
arXiv:2002.01518.

[14] D. Kim, A conjecture for the coefficients of the Askey Wilson polynomials, in preparation.
[15] A. Ayyer and S. Linusson, Correlations in the Multispecies TASEP and a Conjecture by Lam,

Transactions of the American Mathematical Society 369 (2014). doi: 10.1090/tran/6806.
[16] E. Aas, D. Grinberg, and T. Scrimshaw, Multiline Queues with Spectral Parameters, Commu-

nications in Mathematical Physics 374 (2020). doi: 10.1007/s00220-020-03694-4
[17] D. Kim, Z/nZ equivariant generalization of Ehrhart h star vector of the hypersimplex, in

preparation.



RESEARCH STATEMENT 7

[18] P. Ferrari and J. Martin, Stationary distributions of multi-type totally asymmetric exclusion
processes, Ann. Prob. 35, (2007), 807-832.

[19] P. Flajolet, Combinatorial aspects of continued fractions, Discrete Math. 32 (1980), no. 2,
125-161.

[20] X. Viennot, A combinatorial theory for general orthogonal polynomials with extensions and
applications. Orthogonal polynomials and applications (Bar-le-Duc, 1984), 139-157, Lecture
Notes in Math., 1171, Springer, Berlin, 1985.

[21] D. Foata, A combinatorial proof of the Mehler formula, J. Combinatorial Theory Ser. A 24
(1978), no. 3, 367-376.

[22] L. Cantini, Inhomogenous Multispecies TASEP on a ring with spectral parameters,
arXiv:1602.07921.

[23] M. Ismail and D. Stanton, More orthogonal polynomials as moments, Mathematical Essays in
Honor of Gian-Carlo-Rota, BirkhÂ¨auser 1998, 377-396.

[24] M. Ismail, D. Stanton and X. Viennot, The combinatorics of the q-Hermite polynomials and
the Askey-Wilson integral, Eur. J. Comb. 8 (1987), 379-392.

[25] R. Stanley, Enumerative Combinatorics, Volume 1, Cambridge Studies in Advanced Mathe-
matics, (2011), p 566-572.

Email address: donghyun_kim@berkeley.edu


	1. Overview
	2. Inhomogeneous totally asymmetric exclusion process
	3. Orthogonal polynomials
	4. Equivariant Ehrhart theory of the hypersimpelx
	References

